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A large deviation property is established for noninteracting infinite particle
systems. Previous large deviation results obtained by the authors involved a
single [-function because the cases treated always involved a unique invariant
measure for the process. In the context of this paper there is an infinite family of
invariant measures and a corresponding infinite family of /-functions governing
the large deviations.
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1. INTRODUCTION

Let X be a countable set and let X, X, X,,... be a Markov chain with
state space X and transition probabilities {z,,}. Probabilities and expec-
tations for this chain starting from a point x € X will be denoted by P7{ }
and E7{ }, respectively. We make five assumptions about this chain: it is
irreducible, transient, the matrix {z,,} is doubly stochastic, and if for any
finite set FcX we define t,=inf,,{X,eF}, then we assume
lim, , , P*{zr< o0} =0, ie, for any ¢ >0 there exists another finite set F,
such that Fc F, and x¢ F, implies P™{t.< o0} <e¢ Finally, we assume
that the Green’s function G(x, y)} for the chain has the property
sup,. x G(x, x) < 0.

For each x e X, let ny(x) be a nonnegative integer giving the number of
particles at x initially, so that {n,(x), xe X} is the initial configuration of
particles. At time 1 all of these particles move independently according to
the transition probabilities {m,}, giving us a new configuration
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{n,(x), xe X}. There is no interaction here; all the n,(x) particles at x leave
independently of one another and for any other point y € X, the ny(y) par-
ticles at y leave independently not only of each other, but of all the par-
ticles at x. At time 2 the process is repeated, giving us a new configuration
{ny(x), xe X} and so on. If we let N= {0, 1, 2,...}, then Z = N* is the space
of all configurations, and if at time j we have a particular configuration
n(-)e Z, we can ask for the transition probability #(n(-), n'(-)) that at time
j+ 1 we have configuration n'(-)e Z.

From our assumptions, the transition probability 7#(n(-), n'(-)) is
given through its moment generating function by

[ {ew] = % atnrne |} taco, anc

xekX

n{x)
=11 (Z {exp[— ()]} ﬂ) (1.1)

xeX NyekX

where A: X > R vanishes outside some finite subset of X.

Important for us will be the family 4 of o-finite invariant measures
a(-) for m,,, ie, for all xe X, 0<a(x) < o0, X cxa(x) 7y, =a(y), and we
assume a(-) # 0. Since the chain is irreducible, if «(-) vanishes at any
point, it vanishes everywhere, so actually a(x) >0 for all xe X.

For each a € A we define a measure P, on Z as follows: for each xe X
the number of particles at x, ie., n(x), is Poisson-distributed with mean
a(x) and {n(x), xe X} are mutually independent.

It is well known and, using (1.1), easy to show that for each ae 4, P,
is an invariant measure for 7(-, -). Also, using the Kolmogorov zero-one
law, we can show that for each ae 4, P, is an ergodic measure on Z.

For each xe X and any positive integer N, let

_mo(x) +m(x)+ - +nyi(x)

L y(x) N

i.e., the average number of particles at site x during the first N steps. Let 2
be the space of sequences of particle configurations on X, ie., {n/(-),
j=0,1,2,.}. Any initial configuration n(-) of particles and 7(-, -) generate
a probability measure on X which we will denote by P, [we will often in
the sequel use n{-) instead of ny(-) as a generic notation for the initial con-
figuration]. Let M be the space of o-finite measures ¢ on X. Then, for each
N, L, maps ¥ into M, and we use this mapping to define a probability
measure Q, vy on M by Q, =P, L3, ie, if AcM, then Q,r(A4)=
fn{LN €4 }

Since, for each a € 4, P, is an invariant measure for #(-, -} and each P,



Noninteracting Infinite-Particle Systems 1197

is ergodic, it follows from the ergodic theorem that as N » 0, 0, y=0,
where, of course, d, is the Dirac measure on M concentrated at «(-). What
is essential is that the statement Q,, v = 6, holds for almost all n(-)e Z with
respect to P,-measure. This makes sense since if o, # «,, then P, and P,
are mutually singular measures on Z.

In this paper we prove that a large-deviation property holds for the
0, ~ measure, ie., we find a functional I,(¢) that for each € 4 maps M
into [0, oo ] such that for each closed set C < M,

11m llog 0,.:C)< — inf I (o) (1.2)

ceC

and for each open set G M,

lim —l0g 0,,+(G) > — inf L,(o) (13)
N> N ’ ceCG

where both of the statements (1.2) and (1.3) hold for almost all n(-) with

respect to P -measure on Z.

This last “almost all” statement emphasizes what is new in this paper
relative to our previous work (see Refs. 1-3 for the theory, and Refs. 4-6
for some applications), namely that we have here more than one invariant
measure. In our earlier papers we always imposed sufficient hypotheses on
the underlying process so that there was a unique invariant measure and
hence a single I-function governing large deviations. Here the underlying
process has a whole family of invariant measures {P,, € 4}, and we have
an I-function therefore corresponding to each « e 4.

We obtain an explicit expression for I (o), which we discuss now. Let
V be the space of functions V: X — R that vanish outside some finite subset
of X and have the property that for some x e X,

u(x)=u(x)= {exp[Z V(X }} (1.4)

It is an elementary consequence of the irreducibility hypothesis (see
first few lines of Lemma 2.1 below) that u(x) < oo for all xe X if it is finite
for any x.

Now, for a € 4 and o e M, define

I(c)=sup { Y a(x) V(x)— Y a(x)(1—e ) u(x)} (1.5)
VeV Lxex xeX

and this is the I-function that enters into (1.2) and (1.3). For a given a€ 4,

I,(o) turns out to be finite if and only if & behaves “asymptotically” like «.

This is made explicit in Theorem 3.3 below. If xc 4 and fe4 and s e M

exists such that both I,(¢) <o and I4(¢) < oo, then « = f (Lemma 3.4). In
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Section 3 other properties of this I-function are established. In Section 2 we
prove the upper bound (1.2) and in Section 4 we prove the lower bound
(1.3).

Once such a large-deviation property for Q, y is established, ie., once
one has an I (o) for which (1.2) and (1.3) hold, then one easily obtains'”
an asymptotic result for certain expectations with respect to the P,
measure. To make this explicit, let @: M — R be bounded and continuous;
then (1.2) and (1.3) imply

lim 1 log Ef{eN®UEN DY = sup [@(0) — 1,(0)] (1.6)
N— o N ceM
for almost all n(-)e Z (P,-measure).

To obtain large-deviation properties where more than one invariant
measure is involved, the present context of infinite-particle systems is
natural. Here, in the simplest situation of noninteracting particles, we
obtain an explicit /-function (1.5) in terms of which (1.2) and (1.3) are
proved. In the case of infinite-particle systems with interaction the problem
is to find the appropriate I-function in terms of which the analogues of
(1.2) and (1.3) can be established.

Some interesting large-deviation results for infinite-particle systems
with interaction have been found by Cox and Griffeath.®® Lee® obtained a
large-deviation property with explicit /-function for an infinite-particle
system with no interaction, but where the particles move according to
independent Brownian motions with constant drift.

2. THE UPPER BOUND

Using the definitions and notation of the introduction, let e V" and C
be a closed subset of M. Then,

E% {exp [Nil Y. nfx) V(x)]}

Jj=0 xeX

= Efn {exp [N Y Ly(x) V(x)]}

= En¥ {exp [N Y o(x) V(x)]}
> E9rN {exp [N Y a(x) V(x)]; ce C}
> {exp [N inf ¥ o(x) V(x)}} 0..4(C) (2.1)

UECxeX
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In Theorem 2.10 below we show

lim —log Efn {exp [Nil Y, nlx) V(x)]}

Now N j=0 xeXx

=Y a(x)(1—e ") u(x) (2.2)

xeX

for almost all n(-)e Z (P,-measure). We recall from the introduction that

- fon] 5,00

and that if &, # a5, then P, and P,, are mutually singular measures on Z.
Thus, from (2.1) and (2.2) we conclude

— 1
Iim Nlog 0,:MC)

1nf Y o(x) V(x Z —e ™) u(x)
= - im;[ Y o(x) Vix)— 3 a(x)(1—e ") u(x)} (2.3)

for almost all n(-)e Z (P,-measure). Since (2.3) holds for any VeV, we
obtain

lim ~10g Q,.:(C)

N—»oo

< — sup inf |: Y, alx) V(x)— Y oc(x)(l—-e‘y"")u(x)] (2.4)

VeVoeClxex xeX

for almost all n(-)e Z (P,measure). In Lemma 2.11 below we show that,
because C is closed, (2.4) implies

1
m —log 0,x(C)

N — o0

< — inf sup I: Y ax) V(x)— Y a(x)(1 —eV(X’)u(x):l

ceCVelb0lxex xeX

— inf I(0) (2.5)

oceC

for almost all n(-)e Z (P,-measure).
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Now (2.5) is just the upper bound (1.2) of the introduction, and hence
what needs to be proved in this section is (2.2) and Lemma 2.11. We prove
(2.2) as Theorem 2.10 after a succession of preliminary lemmas.

Let ¥, be the space of functions V: X —» R such that V' vanishes out-
side some finite subset of X and

u(x)= {exp[ DA X)}}
for all xe X.

For F a finite subset of X, let 1 =t,=inf;, ,{X;€ F}, ie., the first entry
time of the Markov chain into F, and let nf, = PT{X, =y, t<co}. Let M,
be the matrix {e"“'nf , x, ye F}, where V vanishes outside F, and let
p(M ;) be the spectral radius of M .. Define V, to be the space of functions
V:X—- R such that V vanishes outside some finite set F=F, and
p(Mp) <1

Lemma 21. V=V, =V,.
Proof. Let VeV and x e X such that

- fon] £

Since the chain is irreducible, for any y € X there is a positive integer k& such
that (%> 0. If we let

Vi= s VG
then
o> o] £ 1) |}
> [exp(—k |VI)] E? {exp[i ]}
> Lexp(—k 1Y) B {exp | 3, V0x) |i o=}
— [exp(— k | VI)] 79 {exp [ D V(X,ﬂ}
so that

oo ]

which means VeV, and hence V=1,.
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To show V, c ¥,, let VeV, so that

u(x)=ET {exp [ i V(Xj):!} < o0
Jj=0

for all xe X. Let F< X be the finite set outside of which ¥ vanishes, and
with t and nf, as defined just before this lemma, let

=Pi{t=o0}=1-} z,
yeF ’

We note that, since the chain is transient, , > 0 for at least one xe F.
Now, for any xe€ F, using the strong Markov property of the chain
with respect to T,

u(x)=E" {exp [ }O_gl V(Xj)]}

j=0

= [exp V(x)] E7 {exp [ z V(X;) ] T< oo}

+ [exp V(x)] E™ {ex [ i V(Xj)]; T= oo}

=[exp V(x)] E- {cxp (: i::: =V(X)] < oo}

+ [exp V(x)] P{t=00}

= [exp V()] %, 7, E; {exp[f V(X_,->]}+ [exp V(x)] 1.

yeF

=[exp V(x)] ¥ nf,u(y)+ [exp V(x)]n, (2.6)

yeF

Let u be the column vector with entries {u(x), x€ F}, ¢ be the column
vector with entries {e¢""y,., xe F}; then, with M, the matrix defined
above, we can rewrite (2.6) as

(I-Mpu=e"n 2.7

Since (2.7) has the strictly positive solution

u(x)= {exp[z V(X }} xeF

we conclude that p(M ;)< 1, ie., VeV,.
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Finally, to show V, <V, let Ve IV, with finite support F. Since we are
now assuming p(M,) <1 and, as noted earlier, at least one entry in e”7 is
strictly positive, the matrix equation (I— M) u=e"y for u has a solution
i#(x), xe F. Indeed,

i=(I—Mp)" (") (28)

and since the chain is irreducible, #= {iu(x), xe F} has strictly positive
entries. We extend the column vector # by defining for y ¢ F,

a(y)= 3, nj.i(z) + Pi{r=o00}

ze F
=Y nfa(z)+1-} =, (2.9)
zeF ze F

so that now i is a column vector having entries for all the elements of X.
Thus, for any xe X,

Y omu(y)=Y n a(y)+ Y, m,u(y)

vex yeF ye¢F
=Y n,a(y)+ Y 7w, ¥ nhia(z)+ ) n,Pi{t=0} (210)
veF V¢ F zeF yer
But,

Y, nii(z)=E{a(X.); T <0}

=E{a(X,);t=1}+E{a(X,);2<1< 00}

=Y m,u(y)+ Y n, Y whil(z)

yveF yéF ze F

and using this in (2.10), we have, for any xe X,

Y moi(y)= 3 nla(z)+ ) m.Pi{r=00}

reXx ze F yéF
=Y nfu(z)+ Pr{r=0} (2.11)
ze F

First consider (2.11) for x ¢ F. Using (2.9), we obtain

Y, g a(y)=i(x)

veX
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On the other hand, if xe F, then (2.11) and (2.8) state that for VeV,

eV(X) z nxyﬁ(y)

yeX

=e" Y nfa(z)+e" PP {r=0c0}
ze F

=Vt Z nfzﬁ(z)“FeV(X)Wx
ze F

= (MFa)x + (e Vn)x = L—l(x)
Since V vanishes outside of F, we conclude that for all xe X,

O Y a(y) = i(x)

ye kX

or, with the abbreviated notation (nit)(x)=3,.y 7, 4(y), we have for all

xeX
"N wi)(x) = it x)

(2.12)

Identity (2.12) holds for a VeV, and # defined by (2.8) and (2.9). In
this connection we should note that for Ve ¥ the same identity holds for

-elegno]
s fon] £ )

= [exp V(x)] YEX n.,E" {exp [ Y V(X)]}

= [exp V(x)1(mu)(x)
Since #(x) is strictly positive for x e F, we have

0 < inf #(x) <sup u(x) < o
xeF xeF

From this and (2.9} we see that for all ye X

0 <min[1, 1nf u(z)]<u(y) <max[sup u(z), 1)<

Now, (2.12) implies that the sequence of random variables

Z, = i(X,) oxp [2 V(Xj)]

(2.13)

(2.14)
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is a martingale because if F,_, is the o-field up to time n—1,

EYZ,IF,_\} = {exp [z v |f e, )

={exp[z ]}M(Xn =z,
Thus, for all xe X, )
E" {[exp bl V(Xj)} zZ(X,,)} — i(x) (2.15)
j=0

and from this and (2.14) we conclude, for all x€ X,
i#(x)
ex VX, —— < 0
{ p[ Z ( )jl} lnnyXu(y)

Finally, from Fatou’s lemma, this last inequality implies

u(x)= {exp[ ZO V(X,; )}}

for all xe X, ie., VeV,, and the lemma is proved.

Lemma 2.2. Let F be a finite subset of X and let ¢(x)=
P7{inf,, ,(X;€ F)< oo }. Then for all xe X, lim, , , E*{¢(X,)} =0.

Proof. This is obvious, since
E{p(X,)} =P{X,eF, j>n}

= P7{last visit of chain to F occurs after time n}

and the last probability must go to 0 as »— oo because the chain is
transient.

Corollary. With i(x) defined for xe F by (2.8) and for x¢ F by
(2.9), we have for all xe X,
im E7{|a(x,)— 1|} =

Proof. With ¢(x) as defined in Lemma 2.2, we have for x ¢ F,

i(x)=Y niyﬁ(y)+(1— ) ﬂ§y>

yeF yeF

=Y nfia(y)+[1—¢(x)]

yeF
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Thus,

E{la(X,) 11} <supu(y) EY{¢(X,)} + EL{$(X,)}

yeF

and from the lemma, for all xe X,

lim Ex{|a(X,)—1]} =0

In this proof there was no loss in generality by taking #(x) as defined
for x ¢ F, since F is finite and the chain is transient.

Lemma 2.3. With #(x) defined by (2.8) for xe F and by (2.9) for
x ¢ F, we have u(x)=u(x) for all xe X.

Proof. We showed in (2.15) that for all xe X,

i) = B2 | exp NZ ) [acx}

j=0

and, because of the corollary to Lemma 2.2, the present lemma will follow
if we can show that

[0S vony]ar)

j=0

are uniformly integrable. Now, by (2.14),

0 < inf a(y)<sup a(y)< oo
yeEX yeX

so it suffices to show that {exp 3} ' ¥(X,)} are uniformly integrable. This
follows if, for some A>1,

N-—1
sup E” {exp l:l > V(XJ-)B < const
N j=0

But in Lemma 2.1 we showed that if VeV, then it is in V,, ie.,
p(MF) <1, where M’ is the matrix {e"™nf, x, yeF}. Let M}=
{e*"™nf | x, y € F}. Since the matrix is finite, its spectral radius p(M?%) is a
continuous function of A Since the spectral radius is strictly less than 1
when A= 1, there then exists A> 1 such that p(M%) <1 also. But, again by
Lemma 2.1, this means for that A, 1V e ¥, which implies

N—-1
sup E* {exp |:/1 y V(Xj):l} < const
N .

j=0

822/46/5-6-27
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For any xe A we introduce the Markov chain time-reversed with
respect to o, ie., for x, yeX, let n,(a)=mn, a(y)/a(x). The n, (a) are
transition probabilities, since

(X)

yeX yeX

Since n()(a) =n{)a(y)/a(x), the time-reversed chain is also irreducible.
Since the original chain is transient, it has a finite Green’s function, i.e., for
all x,yeX, G(x, y)=37_on% <co. But the Green’s function for the
reversed chain G*(x, y) is given by

G*(x, y)= i m( a)—kgon;’;’%z%G(y,x)<oo

which means the reversed chain is also transient. We denote probabilities
and expectations with respect to the reversed chain by P7{ } and
Em=){ 1, respectively.

Let 7* be the space of functions V: X —» R that vanish outside some
finite set and such that for some xe X,

E™® {exp { i V(Xj)}} <o

Now, in the proof of Lemma 2.1, we used only the hypotheses that the
original chain was irreducible and transient. Hence, Lemma 2.1 applies also
to the time-reversed chain and thus V*= V{= V3.

Lemma 2.4. For any o€ 4,

y=r*

Proof. Let ae€ A, F be a finite subset of X, and x, y€ F. Then,

m(@) =1 (0) + Y () T, (o)

+ Y mele) () m,, (a)+

z|,22€ F°

But

nz;zz(a) = nzzzla(ZZ)/a(Zl)
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so that
a(y) a(y) (z,)
O R e L
),
Cax)

Hence, for a V vanishing outside F, the matrix

o
Mpo)={e"®n(a), x, ye F} = {6”"’@&;%, X, yeF}
Since M= {e"™n”
matrix

x, ye F}, we see that if we let D be the diagonal

Xy

D= (e "Wa(y)d,,, x, yeF)
then
Mo)=D"'MTD

which implies p(M o)) = p(M[). From Lemma 2.1 and the remarks just
preceding this lemma we conclude that V= }*

Lemma 2.5. Let VeV and define

i fen[ ' i)

sup Z X) (up(x)—uy_ ((x)f <0
N xeX

For ae A,

Proof. Tt suffices to show

sup ¥ a(x) E* {exp[sz V(Xj)} |exp[V(XN_1)]~1[}<oo

N xeX =0

and this will follow, since V has finite support, if we show that for every
yeX

sup ¥ a(x) E* {[exp Niz V(Xj)] 5, (Xn_ 1)} <o (2.16)

N xex
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From Lemma 2.4, V= 1", so we know

s fon[ £ )

for every ye X. Hence, for every ye X,

a(y) sup EF) {exp [Nil V(Xj)}}

—apisp T fen| T 1o |}

N x|, X2,

X Tc_vxl(a) nxlxz(a) e nx,,,zx,,_l(a) <

Since 7, (o) =n,, a(y)/a(x), this last becomes

sup Y ) a(Xy_1) {exp l:j;l V(xj)}}

N xp.x2..xy

anly X2X1| ”an,lxN_2<OO (217)

Now, if we let xy_,=x and xy_,=x;, ,, j=2,3,., N—1, (2.17) states
that for ye X,

sup Y a(x)[exp V(x) {exp|: Y. Vix) :I}

N x.x1.x2,..XN_2 j=1

XTex; Mz Txy_zy <0

ie., for all ye X,

sup Y. a(x) E™ {[exp ji: V(X,-):| S ( Xy 1)} <

N xeX

which is (2.16).

Lemma 2.6. u,(x)—1 as x— co uniformly in N, ie., for any 6 >0
there exists a finite set F such that x¢ F implies |1 —uy{x)] <6 for all N

Proof. For any VeV,

E: {[exp bl V(X,-)] u(XN)} —u(x)

j=0
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From Lemma 2.3 and (2.14) we then obtain

uy(x)=E" {exp [Nil V(Xj)]}
j=0

SupxeXut”

<= < const forall Nand all x
inf, _ y u(x)

Since, as noted in the proof of Lemma 2.3, Ve ¥ implies AV e V for some
A>1, we see that

N—-1
sup ET {exp l:/l Y V(Xj)}} < const
xeX 1

j=0

for some 4> 1. This shows the uniform integrability of {exp 3>"7_' V(X)}.
Now, one of our assumptions on the underlying chain is that
lim Pi{tp<o0}=0 for any finite subset FeX. In particular,
lim, , , P{t,y<o0}=0, but if y#x, P{t(,,<o}=0G(x, y)/G(y, y)
Thus, we have G(x, y) -0 as x —» oo for every ye X.
Moreover,

and, since V has finite support, we see that

X — 0

T VX)) }<Ez{§ |V(X,-)|}= S Glx, ) V)
j=0 —0

j= yekX

N-—1
supE;{ Y V(Xj)}——»O as x— o0
N j=0

This, together with the uniform integrability shown above, implies the

lemma.

Lemma 2.7. Let VeV and ae 4. Then,

Y, a(x)[log uy(x)—loguy_,(x)]

xekX

- a(x)[uﬂx)—m(x)]‘:o (2.18)

xeX

lim

N—->w

and, for any real 4,

¥ () [un(x)1* — [uy _(x)1%}

xekX

— 2 3 alx)[un(x) —uy_1(x)]

xeX

lim

N — o©

=0 (2.18b)
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Proof. Let £>0 be given. There exists a § >0 such that |1 —x| <é
and |1 — y| < ¢ imply

llog x —log y — (x — y)[ <& |x— y|
For this 9, let F be the finite subset of X guaranteed by Lemma 2.6, so that

[1 —up(x)| <6 for all N provided x ¢ F. To show the first part of (2.18), it
suffices to show

Nl—iﬁ Z a(x)[log uy(x) —loguy _(x)]
- a(x)[uN(x)_uNl(x)]i
'I-Nm Y a(x)[log up(x)—loguy (x)]

— Y alx)[un(x) —uy_ l(x)]l 0 (2.19)

xeF*

Since limy _, , up{x)=u(x)>0 for all xe X and since summation over
x € Fis just a finite sum, the first term in (2.19) is zero. For the second term
in (2.19) we get, from our choice of 6 and F made above,

lim Z a(x)[log up(x)—log uy_(x)]

-3 ,a(x)wx)—um(xn!

< Im & Y alx) fupy(x)—uy_(x)|
N"OO xeF*

<esup Z ax) [un(x) = uy _(x)]

In Lemma 2.5 we showed that the muitiple of ¢ in this last inequality is
finite for any Vel and any ae 4, so we have (2.19). The proof of the
second statement in (2.18) is similar.

Lemma 2.8. For VeV, aecd,and all N=1,2,..,

Y. a()[(mup)(x) —up(x)] =0 (2.20)

xeX
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Proof. 1f we can justify changing the order of summation,

1211

(2.20)

follows immediately from the fact that « is an invariant measure, since

Y a(x)[(muy)(x)—11= ) a(x)[ ) ﬂxyuN(y)—lJ
= ), a(x)[up(x)—1]

To justify the interchange, we show

Y a(x) |(mup)(x) — 1] < 0

xeX

which is implied by

>oa(x) luy(x)—1j < o0

xeX

To show (2.21), we note that for any x € X and with F=supp V,

Er {exp [NZ V(Xj)]} - 1]

() — 1] =

(2.21)

< [exp(N ||V)))] Pi{at leaston X, e F, j=0,1,., N—1}

= [exp(N [ VIDI[3 (F) +n'V(x, F)
+7P(x, F)+ - + 7™ U(x, F)]

where
19, Fy=) =), k=1,2,.,N—1
veF
Thus,
ZX a(x) fun(x)—1]
| <N (S AF)+ 7%, B+ - + 2" P(x, F)]

xelX
But Y oxx)é(Fy=a(F) and, for cach £=1,2,.., N—1,

2wy i fy= 3 alx) ) ay= 3 a(y)=aF)

xe X xeX yeF yYeF
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Since F is finite and « i1s a o-finite measure,

Y alx) fuy(x)— 1| <eMYINo(F) < o0

xekX

Although we have just shown that for each N, 3 _ v a(x) Jupy(x)— 1] < 0,
in fact >,y a(x) |[u(x)— 1| may be infinite.

Lemma 2.9. Let VeV and ae 4. Then,

lim Y alx)[uy(x) —uy_i(x)1= 3 alx)(1 —e ") u(x)

Nﬂooxe)( xe X

Proof. First of all,
() = B {exp [Nzl V(X,ﬂ}
— [exp V(x)] E* {exp [Nzl V(X,)]}

=[exp V(x)] ) 7, E} {exp []NZ:: V(Xj)}}

rveX

= [CXp V(x)] Z nxyuN—-l(y)

velX
= [exp V(x)J(ruy_)(x)
and therefore

lim 3 a(x)[uy(x)—uy_1(x)]

N—»ooxEX

= lim Z a(x)[e" N muy ) x)—uy_(x)]

N—o w0

= Jim { 5 alx)e’™ — D)y, )(x)
+ Z oc(x)[(nuN_l)(x)—-uNl(x)]}
:Nlim {Z a(x)(1—e ") up(x)

+ Y a(x)[(nuN_l)(x)—uN,1<x)]}

xeX
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The first term in this last expression is only a finite sum, since V' vanishes
outside a finite set, and so in this first term we can bring the limit inside the
summation. Moreover, the second term goes to 0 as N-— oo, by
Lemma 2.8. Hence, since VeV,

lim 3 a(x)[uy(x)—uy_(x)]= 3, 2(x)(1—e” ") u(x)

N_'OOXEX xekX

Theorem 2.10. For VeV and e 4,

Jim %log Efn {exp[ i Y, n{x) V(X)]}

N= o Jj=0 xeX

= 3, a(x){1 —exp[ = V(x)]} u(x) (2.22)

xeX
for almost all n(-)e Z (P,measure).

Remark. Although Theorem 2.10 is stated and proved in a form in
which the null set depends on VeV, by an appropriate choice of a coun-
table subset of } and by using standard arguments one can obtain the
existence of a single null set that works simultaneously for all Ve V.

Proof. From (1.1),

E& {exp [NZI Y, n{x) V(x)}}

Jj=0 xeX

I (mfee [ o0 )

%log Ef {exp [NZI Y. n(x) V(x)}}

j=0 xeX

and therefore

=% T n(x)log E* {exp [%Zl V(X,)B
i

= Nx:;x n(x) log un(x)

To show that (2.22) holds for almost all n(-)e Z (P, -measure) means
then to show

lim % Y nx)logupy(x)= Y a(x)(1—e ") u(x)

N—wo xeX xeX
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for almost all n(-)e Z (P,measure). For this it suffices to show that for all
real A

lim ——log E* {exp [/1 Y n(x)log uN(x)]}

N-owo N xeX

=21 Y a(x){1 —exp[—V(x)]} u(x)

xeX

But

—log Efe {exp [/1 Y. n(x)loguy(x )}}

xeX

log [] exp(a(x){exp[4loguy(x)]1—1})

xeX

Z ){Lun(x))* —1}

21*‘ 2|~

and so we must show

Jim % T a(){ [up(x) 1" — 1}

N
® xeX

=1 Y a(x){1—e ") u(x) (2.23)

xeX

From the usual Caesaro argument, (2.23) is implied by

lim z X){[UN(X —[uy_ 1x)] }

No®© vex

=2 Y ax)(1—e @) u(x) (2.24)

xeX

which follows from Lemmas 2.7 and 2.9.

Lemma 2.11. If C< M is closed and

I log 0,.0(C)

\/—»oﬁ

ARSI T L SRR
< -~ sup inf Z Glaj Vi, = L S e e
VeVzreCLveX xe X —i
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then

— 1
Iim Niog 0,.x(C)

N — oo

< — inf sup [ Y o(x) V(x)— Y a(x)(1—e ") u(x):|

ceCVeVL0lvex xeX
= — inf 1,(g)
ceC

Proof. First of all, one can obtain the desired result if C is compact,
using methods developed in our earlier papers (cf. Ref. 1, for exampie).
We now describe how one can go from the result for compact sets to

closed sets.
We begin by picking a ¥ > 0 such that

sup . G(x, y) V(y)=6<1

and

> a(x) V(x) < const < oo

xeX
With such a ¥ we then have by Portenko’s lemma (see Lemma 3.1 below)
that u(x)=u,{x) < 1/(1 — 6). This implies

lim —]l\—llog EPEE {exp[Nil Y V(x)nj(x)]}

N = oo j=0 xex

= lim ) a(x)[up(x)~uy_i(x)]

— Q0

xeX
=Y alx)(l—e ") u(x)
xeX
1
<T——_é ~const =K < o0 (2.25)

Using a Chebycheff argument, we obtain from (2.25)
1 N—1
PR Oun{y T T Mnz Lz e <o )
Jj=0 xeX

Now, (2.26) implies

e 1 1 N—1
lim Iim Nlog Q"’N{Xf oy V(x)nj(x)>L}=—oo (2.27)

L - N->w j=0 xex

and (227), together with the fact that {o:3 . V(x)o(x)< L} is a com-
pact set in the vague topology, implies the lemma.
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3. PROPERTIES OF THE /-FUNCTION

In this section we prove various properties of 7, (o) given by (1.5).
Some of these results are necessary for establishing the lower bound (1.3)
and will be used in the next section, where the lower bound is proved.
Other properties of I,(o) proved here are of separate interest.

As noted earlier, the Green’s function G(x, y)< oo for all x, ye X,
since the {,,} chain is transient. If y # x, P3{7,,, <0} =G(x, »)/G(y, y),
and therefore our hypothesis on PT{7.< oo} implies

G(x, y)—0 as y— oo foranyxelX

(3.1)
G(x, y)—-0 as x—oo foranyyeX
We also recall that we are assuming
sup G{x, x) < o 3.2)

xe X

Both (3.1) and (3.2) will be used in this section.

Lemma 3.1. Let V: X — R vanish outside some finite subset of X
and be such that

sup Y, G(x, y) [V(y)l <0<l (3.3)

xeX yeX
Then, VeV and |1 —u,{x)| <8/(1 —0) for each x& X.

Proof. Let r>1 and consider

EX{[V(Xo)+ V(X)) + 17}
SEHLIV(X)l + V(X)) + 17}

SRR
LV AT A R
<t Y E{m)

VX, ) B, ( ) |V(X,-)|>}
j=0

<ort Y EH{IVX)NIVX)] - VX )
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the last inequality following from (3.3). If we keep repeating this process

we end up with
E{[V(Xo)+V(X)+ 1} <07

and thus
3 _ @

P X

which implies u,(x) < oo, so that Ve V.
Lemma 3.2. Let x,, x,,.., xy be a finite subset of X for which

G(x;, x)<C, i=1,2,.,N, G(x;,x;)<e for all i#j, i,j=1,2,.,N. Let
y>0 be so small that y[C+ (N—1)e]=60<1. Let ac 4. For any o0 M

such that I,(o6) </ we have

S

<) a(x)
i=1
l—e 7 X 0 {
< a{x )](1 +———>+—- 34)
Y [igl 10 7 (
Proof. Let
i=1,2,., N

y if x=x,,
Vix)=
) {0 otherwise

Then, using the maximum principle,

sup Y. G(x, y) M(y)

XeEX yeX

= sup Y G(x;, y) V(y)

1<f<NyeX
=7y sup Z Glx;, x;)
1<1<NJ 1

<Y[CH(N-1D)e]=0<1
Hence, from Lemma 3.1, for the ¥ just selected, u,(x) <1+ 8/(1—0), and
VeV. Since 6 € M is such that I (o) </ we then have for this V,
Y oa(x) V(x)— Y a(x)(l—e "N u(x)<I

xeX xeX
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1e.,

or

If we choose instead

-7, x=x;, i=12..,N
0, otherwise

V(x)={

then again Lemma 3.1 implies this VeV also and u,(x)=1—6/(1 —8),
which, by the same argument as above, leads to the inequality on the left of
(3.4).

Theorem 3.3. Let a4 and o€ M such that (o) =17< 0. Then:

If, for some sequence {y,} — oo, a(y,) — 0, then o(y,) — 0.

2. 1If, for some sequence {y,}— o0, a(y,)— L>0, then o(y,)— L
also.

3. If, for some sequence {y,} — o, a(y,) = o, then «(y,)/a(y,) - L.

These three statements combine into: If {y,} — oo, then [1+a(y,)]/
(l+a(y)]—1

Proof. We prove each of the three statements. First assume for some
sequence {y,} = o, a(y,) — 0. To prove statement 1, we assume the con-
trary, ie., there exists 6 >0 such that a(y,)>¢ for all n. From (3.2) let
sup,. y G(x, x) < C and let e>0 be given. Let y, be so small that y <y,
implies

1—e™? P(C+1)
y <1+1—y(6+1)><2

Choose y>0, but y<min(1/2(C+1), y,). Choose N so large that
I/Ny <¢/2. Because we are assuming here that a(y,)— 0 and because of
(3.1) we can choose N elements x,, x,,.., X in X such that G(x,, x;) <1/N
for i#j, i, j=1,2,., N, and such that a(x;)<e/4, j=1,2,., N.

Now,

VICH+HN-)/N)]<y[C+11=0<1/2
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and hence from Lemma 3.2,

N | YC+1) ¢ [ Ne |
No< ), o(x) < <1+————)N— —<—=+-
,»; Y 1-y(C+1)) 4 y 2 'y
ie.,
0=+ ! <s

Since £ > 0 is arbitrary, we have a contradiction and statement 1 is proved.

To prove statement 2, suppose {y,}— oo such that a(y,)— L>0.
Again we assume the contrary, ie., there is a subsequence of {y,}, which
we will again label {y,}, such that either o(y,) =L >L forall n=1,2,..,
ora(y,)<L' <Lforalln=1,2,... For the first case, let ¢ >0 be given and
choose y >0 so small that y[C+ 1] =6<1/2 and

l—e™” WC+1)
1 1
) [ +1—y(C+1J< e

Choose N so large that [/Ny <. For that N we can find points x,, x,,..., X»
such that G(x;, x;) <1/N for all i# j, i, j=1, 2,.., N, and such that a(x;) <
L+ ¢ Thus, from Lemma 3.2,

NL' < i o(x;) < N(L+e)(1+e)+1fy

i=1
or

L's(L+e)(l+e)+e

Since ¢ >0 is arbitrary, this contradicts L' > L. A similar argument using
the lower estimate in Lemma 3.2 takes care of the second case, L' < L, and
statement 2 is proved.

Finally, to show statement 3, let {y,} — co be a sequence such that
a{y,) — 0. Again assuming the contrary, suppose there is a subsequence
{.} such that a(y,) > Aa(y,) for some A>1, n=1,2,.., or o(p,)<Ax(y,)
for some A <1, n=1, 2,.... Take the first case, and use the upper estimate of
Lemma 3.2 with N=1. Choose y >0 so small that yC=60 <1 and

l—e™ yC €
1 1+~
? ( +1—YC>< 3
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where &> 0 is given. Choose M > 0 so large that //My < ¢/2. Now, there is
an x € X for which a(x)> M. Hence from Lemma 3.2 for this particular x,

g(x) 1—e™ yC i
P R <1+1—y6)+a(m

< (1 +2) ! <l+e
and since ¢> 0 is arbitrary, this contradicts o(x)/a(x)>= 4> 1. Similarly, of
course, for the other alternative, and the proof is complete.

Lemma 3.4. Let xe 4 and e 4. Assume for some g € M that both
I (o)< oo and Ig(c) < oo. Then a=p.

Proof. First we want to prove the following: if e 4 and ffe 4 and if
h(x)= B(x)/a(x)—> 1 as x > o0, then a= .

As in Section 2, let 7, (a) =7, a(y)/a(x) and recall that {=n,(x)} are
transition probabilities for an irreducible chain. Now,

_ a(y) B(y)
2, )= 2 e )
=;—(17) nyxﬁ(y)=%=h(x)

so that / is a harmonic function of the chain time-reversed with respect to
o. By hypothesis, &#(x) — 1 at oo, but, for an irreducible Markov chain, if a
bounded harmonic function approaches 1 at infinity, it is then identically 1.

Now, to prove this lemma, we have from Theorem 3.3 that {y,} - o0
implies [1+a(y,)]/[1+a(y,)]—1and also [1+0(y,)]/[1+p(y,)]1-1,
ie, [1+a(y,)1/[1+p(y,)]1— L Since, by hypothesis, {n,,} is doubly
stochastic, we see that 1 is an invariant measure for the n-chain, ie., 1€ 4.
Since the sum of two invariant measures is also an invariant measure, the
statement at the beginning of this proof implies 1 +a(-)=1+ (), ie.,

al-)=B().
Lemma 3.b. Let xe 4 and o € M such that I (¢) < oo. Then, for all
yex,
lim 3 o(x) 7l =a(y) (3.5)

k—o xeX
Proof. As noted in the preceding lemma, since {n,} is doubly

stochastic, 1 is an invariant measure, and therefore to show (3.5), it suffices
to show

lim Y [o(x)+1]7% =a(y)+1 (3.6)

ko0 xeX



Noninteracting Infinite-Particle Systems 121

for all ye X. Let

Now
700 = w02+ 1
v T )+ 1
and
T fo)+ 11 n= ¥ S Ae0 + 1]
= [a(y)+1] th(x)ﬁ_(fx)

=[a(y)+ 1] ES{A(X,)}

As we have argued several times already, the 7-chain is also transient,
which implies, for every y e X, X, — oo for almost all paths starting from y
(f-measure). Moreover, from Theorem 3.3, h(x;)—1 if x, > o0, so by
bounded convergence lim, _, , E*{h(X,)} =1 and we have (3.6) for all
ye X and the lemma. '

We now prove a succession of lemmas leading up to Theorem 3.11,
which will be used in Section 4 in order to prove the lower bound (1.3).
In these lemmas as well as in Theorem 3.11, F will denote a fixed,

finite subset of X having elements x,, x,,.., x;. Let 6= {0,,6,,..,0,} be a
point in R* and let C={¥V: X > R}. Let T: R* > C be the mapping given
by
V(xi)zgia l:1, 2,...,k
V{x}=0, X # X,
Let O € R* consist of those 8¢ R* such that 78e V. For ae 4 and 0¢ O,
define
k k
DO)=D0)=) alx)(1—e ") u@®x)— Y a(x,)0,
i=1

i=1

where, of course,

u(® x,)=uy{x,)= E7, {exp [ i V()(J)]}
j=0

with V= T8.

822/46/5-6-28
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In the first of these lemmas we use the notation of Section 2. Recall
that nf = P*{X = y;t < o0}, where t=inf,, ,{X;e F}, and

ne=1—% nf,=P{X;¢F j>1}
yveF

For the time-reversed chain with respect to an a e 4, ie., the chain with
transition probabilities 7, («) =7, a(y)/a(x), we use the notations

nla)=PNX, = y;t< 0}

nloa)=1- 3 nf(a)=PI{X;¢F j>1}

verF

as before.

Lemma 3.6. Foraed and 08¢0,

k k k

Pu0)= ) o(x) no ) u(®x)— Y alx)n,— Y a(x)0, (3.7)

i=1 i=1 i=1

Proof. Since 8€ O, VeV and therefore from (2.6) we have for any
xelX,

uy(x)=e" [ Y nhuy)+ ﬂx]

Thus, .
L a1 —e "))
= Y, a(x)(1—e ") uy(x)
=Y ax)ux) - ¥ a(x)[z_ngmmnx}
- §F[°‘(”“§F a(0) 7, ) - T G
For x, yeF, ) |

Fo__ e
nxy - nxy + z nle nzly + Z nxz; nzlzznzzy +
zi¢ F z1¢F
¢ F

— 1 2
=4 7@ 4 a4
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and therefore

wy)— Y alx)ml,

xefF

=Y a(x) Ty~ Y, alx) g,

xeX xeF
= Z (Z(x) nxy_ Z (x(x)[nfy_nxy]
xX¢EF xeF
0
=) ax)my,— ) ax) Y ol
x¢ F xeF =2
°C
= Z Z O((Zl)nz;.\’nxy_ Z OC(.X) Z ﬂ:.(t’_:/)
x¢FzieX xeF n=2
= Z Z a(zl)nzlxnxy
xX¢Fzi¢F
s}
— z (X(X)[Z TE(,:_;)—‘ Z nx:‘n.'l)’j]
xeF n=2 ¢ F
B
= Z Z a(zl)n:l.\'n.\'y— Z OC(X) Z n.(v';)
x¢F oy ¢ F - xeF n=23

If we repeat this process we arrive at the following expression, which holds
forany n=1,2,...

o(y)— Y alx)n,

xeF

= z oC(Zl) Tczlzzﬁzzzg T %:,yy

1,22 in € F
- Y ax) Y ¥ (3.9)
xeF k=n+1

Letting n — oo in (3.9), we see that (cf. proof of Lemma 2.3)

o(y)— Y a(x)n,

xeF
= hm Z [X(ZI) n:;zznzzzg T n:ny
=0 21,22, Zn ¢ F

= hm Z a(y) Tcyzl(a) nzlzz(a) T nzn‘lzn(a)
B2 st € F

=a(y)n,(a) (3.10)
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Using (3.10) in (3.8), we get

Y a(x)(I—e ") uy(x)

xeX

=% ay)m@) uy)— Y alx)n,

veF xe F
Therefore,

k k k

D)= Z a(x;) ﬂ.x,(o‘) u(0; x;) — Z a(x;) 1y, — Z a(x;) 0,

i=1 i=1 =1
which is the lemma.

Lemma 3.7. O is an open, convex set in R, ®(8) >0 for 6 0, and
if § e R* such that 890 and 8" - as n — oo, then H(8") > 0.

Proof. 1In Section 2 we noted that if VeV, there exists 4> 1 such
that AV eV, which implies Q is open. From Lemma 2.1, V=V,, so VeV
implies p(M ;) < 1, where M is the matrix {"*'z% , x, y € F}. Since here F
is fixed, p(M )= p(0) and @ O implies p(0) <1, ie., the convex function
log p(08) <0 for Be O, which implies O is convex. That &(8)=>0 for 0 O
follows by applying Jensen’s inequality to the definition of &(8).

Although O is open and convex, it is not bounded, and indeed we later
must examine the behavior of ¢(0) as 8 stays in O but approaches cv. Here
the sequence {0™}eQ converges to the finite point 8ed0. In the

definition of &(0), the term

k

Z a(x)(1— e_si) u(9; x,)

i=1

is troublesome because, depending on the signs of the 8, some terms are
positive and some negative, presenting possible cancellations. This problem
is obviated by the decomposition in Lemma 3.6. Thus,

CD(B(n)) = Zk: o((xi) 1’].,61(0() u(e(n); Xi)

k I3
= alx) g — ), lx,) 0 (3.11)
i=1 i=1

In (3.11) not all of the factors n.(«), i=1, 2,..., k, can be zero, because the
chain time-reversed with respect to o is transient. Since O is open, 0¢0,
and hence u(®; x,)= oo, i=1, 2,..., k. From Fatou’s lemma, we see then that
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u(®; x,) > o as 0 58 for i=1,2,., k. Thus, the first term in (3.11)
becomes infinite as 0 — & and so ®(8") > o as ™ - B, completing the
lemma.

Now we must examine the behavior of &(8) as 8 — co. There exist rays
along which &(0) remains bounded and we have to take these into account
in what follows. To this end, we define a point ae R* to be special if
sup;. o, @(1a) <const. Let S= {ae R¥, a special}. Clearly, S< O.

Lemma 3.8. IfaeS, then —ae S and ®(a)=0. S is a linear sub-
space of R and if be O and ae S, then b+aec O and ®(b+a)=d(b).

Proof. From the definition of &(8) we see that it is convex and
@(0)=0. Thus, if @(1a) < c for all 1 >0, then @(la)=0 for all 1> 0. Since
& is analytic in 0, we have ®(la)=0 for all real 4. To show that S is a
linear subspace, it suffices to show that a,eS and a,eS imply
Ya,+a,)eS. But

a,+a,

0@( )<-;—[a>(a1)+¢<az)1=o

so not only is S a linear subspace, but @(8)=0 for 8¢ S.
Let be O and ae S. Since O is open, there exists ¢ >0 small enough so
that [1/(1 —&)] be O. By definition, (1/¢) ae S < O and since O is a convex

set,
1 1
b+5<——>ae_0
1—¢ g

By the convexity of @ and since @(a)=0, we have

b+a=(l—¢)

q§(a+b)<(1—a)¢<138>

Convex functions being continuous, we obtain from this that
P(a+b)<@(b) forall aeSandbeO (3.12)

In (3.12) we can replace a by —a, giving @(b—a)< @(b) for all ae S and
be 0. But we just showed a+be O and therefore this last inequality gives
@(b) < @(a +b), which, together with (3.12), finishes the lemma.

We have noted that Sc 0. Let 0,={0'€ 0, ' L S}, s0 O, is a closed
subset of O, and any 8 O can be written 8=0"+a, where '€ O, and
aes.

Lemma 3.9. Let {0"}ec0Q, such that [08"|—o0. Then,
D(0) - 0.
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Proof. Assume the contrary; then, there exists a constant C such that
(0" < C for all n. For 1> 0,

/10(")> ( y) < ) > >
o2 Voo _gmy(1-—2_}-0
<||e<">u 0] 8]
A
—w @ (1)
vy 27

< CA
TR

which implies @(10/||L"||) >0 as n— co. Since Q, is closed and, for
each n, |0/|0™)] || =1, there exists a subsequence, which we will label
0/10™]|, converging to some element a € O, such that ||la] = 1. Since & is
continuous, we have for all 1 >0, &(1a)=0, which means a is special. But
ae 0, means a | a, which is impossible, since a is a unit vector.

Lemma 3.10. Let a4 and ce M such that [ (o)< oo. If aeS,
then

o(x;)a;= Zk: a(x;) a;

i

Proof.
I,(0) = sup [ S o) V)= oc(x)(l—e'**))uy(x)]

VeV Lxex xeXx

k k
2 sup |: Z o(x;)0,— Z ox;)(1 — eﬁgi) u(0; Xi)]
BecOo Li=1 i=1

since the first supremum is over J’s vanishing outside any finite subset of

X, whereas the second supremum is just over ¥’s vanishing outside our
given finite subset F.

Thus, using the fact that @(a)=0 for ae S,

ok k

Lio)2sup | Y. o(x)0,~ 3. a(x) 6,~,40)|
9O Li=1 i=1
r ok k

2 sup Z o(x;)a;,— z a(x;) ai_¢F(a):l
aesS Li:1 i=1
-k I3

=sup| Y o(x)a,— Y alx,) ai]

aeSbL;=1 i=1

Since S is a linear subspace, this last supremum is either oo or 0. The for-
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mer is ruled out by our hypothesis [ (0)< o, and hence we have this
lemma, because

k
sup Z [o(x;)—alx;)]a,=0

aeS =1
implies

k
z [o(x,)—a(x;)] a;= identically in S

Theorem 3.11. Let e d and o0 € M such that [ (o) <. Let o' =
(1—¢)o+ex for e>0 fixed, and let F be a finite subset of X. In the
variational problem

k k
sup [ Y o'(x) 0= Y a(x)(1—e™ ) u(®; x,)} (3.13)
8cO L= i=1
the supremum is attained at a point 8* e 0.
Proof. Since ac A, I,(x)=0, and the convexity of the I-function
implies

k k
hwUpr[ZOT&M#—ZahﬂU*e”ﬂw&mq
8cO L1 i=1
we see that the supremum in (3.13) is finite. Also, since 0 € O, we see that
the supremum in (3.13) is nonnegative.
With @.(0) as defined earlier, we can write (3.13) as

Sup [ i o'(x;) 8, — i alx;) 0, — ¢F(9)] (3.14)

As noted before, for any 6O we can write @ =a+b, where ae S and
beOy=1{0'c0: 0 LS}. From Lemma38, ®(a+b)=ad(b). Since
I(¢") < o0, for this ae S we have from Lemma 3.10 that 3%_, ¢'(x,) a,=
>k, a(x;)a;. Thus, (3.14) becomes

suplii “(x;) b; — a(x;) b;— F(b)}
beQoLi=1

= sup [ 1—e¢)
be Oy

—U—QZMW@—iﬂMﬂ%”WWMHiaWMJ

i=1 i=1

= sup {(1 ﬂi)[i o(x,) b;— }é a(x;)(1 —e™") u(b; X,-)}*ﬁdjp(b)}

be Qg f=1 i=1

(3.15)
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Let b be a maximizing sequence in Q. There are three possibilities:
(1) b - oo, (2) b > bed0,, or (3) b"™ — 0%, a point in O, < O.
Assume possibility 1 first. By hypothesis,

k k
o >1,(¢)= sup [Z o(x;)b,— . a(x;)(L—e ") u(b, x,-)]
beOoLi=1 i=1
so that in the last line of (3.15) the quantity in square brackets is bounded,
whereas Lemma 3.9 gives us @ «{b"™) » c0. Hence, in the last line of (3.15)
the quantity in curly braces goes to — oo as ||b'|| - oo, which contradicts
the supremum in (3.13) being nonnegative.
Next, assume possibility 2 holds. From Lemma 3.7, @ (b') — oo if
b - be dQ, = 00, and, just as above, the quantity in square brackets in
the last line of (3.15) remains bounded. Thus, the quantity in curly braces
in the last line of (3.15) again goes to — o as b") —»be d0,, which gives
the same contradiction, and the proof is complete.

4. THE LOWER BOUND

Let e A. To prove the lower bound (1.3), it suffices, since G is open,
to show that for any o € M such that 7 (¢) < o0,

lim 108 0,,5(N,)> ~1,(0) (1)

N—

for almost all n(-)}e Z (P,-measure), where N, is any M-neighborhood
of ¢.

We can choose ¢ >0 so small that ¢'=(1—¢) o +ex is an element of
N, and then we can choose an M-neighborhood of ¢’, call it N_., such that
N, = N,. Moreover, since the I-function is convex and I (x)=0, we see
that

I(0") < (1 —¢) (o) + el (a) < (o)
Thus, to show (4.1), it suffices to show for ¢’ of the form above and any M-

neighborhood N, of ¢’ that

lim log 0, x(N,) > ~1,(0") (42)

N—>

for almost all n(-)e Z (P,-measure).
Sets in M of the form

B, ={i(-)eM:|A(x)—0c'(x)| <9 for all xeF, a finite subset of X)
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form a basis for the weak topology in M, so that, to show (4.2), it suffices
to show, for any set B, in the basis and ¢’ = (1 —¢) ¢ + ¢a, that

lim 108 0,.4(B,)> ~1,(¢ (43)

N—> o

for almost all n(-)e Z (P,measure).

With this in mind, we let F be a finite subset of X having elements
X1, Xg,m Xi. Let O < R* be the set of @& R having the property that
V: X - R defined by
0, if x=x;,, i=1,2,.,k
0 otherwise

V(x)={

is in V. As noted in Section 3, O is an open set in R*. For each N=1,2,..,
define a probability measure uy on R* by: if 4 < R,

pn(d)= fn{(LN()ﬁ )y L(X2),0s Ly(x4)) € A}
Let

My(0)= [ exp(¥CO. 1)) du(y) = B {exp | ¥ 3 0,L,(x) |}

i=1

which exists if 0 e Q. What is important is that, if x€ 4 and @€ O, we have
from Lemma 2.10 that

lim — log M \(0)

Now N

k
= lim —Iog E™ {exp NY H,LN(xi)}}

Now N i=1

1 rN—1
= lim —log EP {exp Y Z 6.n jl}
N_’OO Lj=0 /=1

1 FN-—1
= lim —log E* {exp Y Y nx) V(X)J}
Now N Lj=0 xeX

Y, a(x){l —exp[~V(x)} uy(x)

xeX
k

2 alx)[1 —exp(—6,)] u(®; x;) =(0)

i=1

for almost all n(-)e Z (P,-measure).
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We note that ¥(0) is continuously differentiable on Q. For a€ 4,
geM such that I (c)<oo, and with o' =(1—¢)ag+ex, we proved
(Theorem 3.11) that in the variational problem,

k
sup | 3 0'(x) 0, v(9) |
00 Li=1
the supremum is actually attained at a point 8* € O. This, of course, implies
(V)(08*)= o', where 6’ =(d'(x;), i=1, 2,.., k).

All of these observations become important because of the following
lemma, which is a standard, general result, the proof of which can be
found, for example, in Ref. 10.

Lemma 4.1. Let {uy} be a family of probability measures on R*
and assume

M(0) = [ exp(N<O, y>) duply)

exists for 0 belonging to an open set O = R*. Assume also that

lim —log M (0 =14(0)
Naoo

exists for 0 e O and that ¥(0) is continuously differentiable in O. Finally,
assume ¢’ € R¥ is such that (Vi )(0*) =6’ for some 0* € O. Then,

lim —loguN(N )= —[{a, 0%> —y(8%)] (4.4)

N—»oo

where N, is an R* neighborhood of ¢
Since, as we just noted, all the hypotheses of Lemma 4.1 are satisfied,
we conclude that

1
lim —A—,log Un(Ng)

N—=w

= lim ]ivlogP{ sxy ) Ly(x5),e Ly{x)) €N

N—-w

= lim —log 0, vNg)

N~*oo

—[ (o', 0% > —§(0*)]
=—sup[2 o' (x;) 6,— (8 )]

00
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for almost all n(-)e Z (P,-measure). But

1,(¢") = sup [ Y o) V() - Y alx)1—e” ") uV(X)]

VeV Lxex xeX
k
=sup | 3 () 6,-vi0) | (45)
8e0 L i=]

because the first supremum is over Vs vanishing outside any finite subset
of X, whereas the second supremum is just over }’s vanishing outside a
fixed, finite set F. From (4.4) and (4.5) we have

lim 108 0, x(Ve) > ~1.(7) (46)

N—

for almost all n(-)e Z (P,-measure).

Now, since F was any finite subset of X, and since N, is any R*
neighborhood of ¢/, we see that (4.6) implies (4.3) and hence the lower
bound (1.3).
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